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Abstract: The Nonlinear Energy Sink (NES) is a passive control device capable of achieving targeted energy transfer and 
effectively suppressing system vibrations. This paper conducts dynamic modeling and vibration suppression analysis of 
parallel combined damping nonlinear energy sinks in piecewise linear systems. Initially, the system’s amplitude-frequency 
response curve is obtained using the harmonic balance method, validated by the Runge-Kutta method for accuracy. Subse-
quently, an analysis is performed on the vibration reduction capabilities of the parallel combined damping nonlinear energy 
sink and the influence of parameters on its vibration suppression effectiveness. Finally, the study investigates changes in 
the main system’s maximum response amplitude with varying damping under different stiffness conditions and determines 
optimal parameter values based on trend analysis. Research findings indicate that the vibration reduction performance of 
the parallel combined damping nonlinear energy sink surpasses that of a single connected damping nonlinear energy sink. 
Furthermore, after parameter optimization, the main system achieves superior vibration reduction effects.
Keywords: Nonlinear Energy Sink; Harmonic Balance Method; Vibration Reduction Performance; Parameter Optimization

1. Introduction
As a classic passive control device, the Nonlinear Energy Sink (NES) is characterized by its low cost, simple structure,

and wide absorption bandwidth. It typically comprises a small mass block, viscous damping, and a highly nonlinear spring 
[1-3]. Under specific energy conditions, the NES can achieve unidirectional and irreversible energy transfer, maintaining a 
particularly high range of transfer efficiency—a phenomenon known as Targeted Energy Transfer (TET) [4-5]. Furthermore, 
when the system is subjected to harmonic excitation, the NES can exhibit Strongly Modulated Responses (SMR), signifi-
cantly modulating the vibration amplitude of the main system, thereby achieving optimal vibration reduction effects [6-7]. 
With further advancements in NES research, scholars have introduced various novel NES structures, including orbital NES, 
bistable NES, lever-type NES, and nonsmooth NES [8-11].

Due to the complex nature of engineering environments and structural complexities, many scholars often simplify structures 
requiring vibration reduction to linear systems. They then couple these with the Nonlinear Energy Sink (NES) for analysis [12-
14]. However, in practical engineering scenarios, systems requiring vibration reduction are not merely simple linear systems but 
rather more intricate nonlinear systems. Ji et al. [15] transformed the main system into a nonlinear system incorporating cubic 
stiffness and analyzed the steady-state response under various amplitude excitations. They introduced a linear absorber and found 
it effectively reduced vibrations in the nonlinear system, studying the absorber’s parameters’ impact on vibration suppression in 
the nonlinear system. Piccirillo [16] examined a main system consisting of segmented damping, segmented stiffness, and a mass 
block. Using a linear absorber, they suppressed chaotic responses in the nonlinear system, concluding conditions for converging 
chaotic responses in the system. Wang et al. [17] investigated the vibration suppression of a nonlinear energy sink on a self-excited 
system, discovering that under low-frequency harmonic excitation, the NES exhibited substantial vibration reduction effects on 
the self-excited system. These studies provided theoretical foundations for vibration reduction in nonlinear systems. Building upon 
this knowledge, this paper transforms the main system into a piecewise linear system and employs a parallel combined damping 
nonlinear energy sink to reduce vibrations in the main system.

Previously, scholars primarily focused on studying the influence of different NES structures on vibration suppression in the 
main system, paying less attention to the impact of the number of NES units on vibration reduction [18-20]. Consequently, there 
has been relatively little research analyzing the effect of the number of NES units. Song et al. [21] investigated the vibration sup-
pression of parallel nonlinear energy sinks on the main system, finding that parallel nonlinear energy sinks could enhance system 
robustness without increasing mass. They also pointed out that the vibration reduction performance of parallel nonlinear energy 
sinks surpassed that of a single nonlinear energy sink. Zhang et al. [22] studied the effects of series-connected nonlinear energy 
sinks on vibration reduction in the main system. They discovered that series connections expanded the range of strongly modulated 
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responses in the main system. By comparing optimal energy spectra, they indicated that, compared to connecting a single nonlinear 
energy sink, series connections exhibited superior vibration reduction performance.

Although numerous scholars have conducted extensive research on NES systems, most of these studies have focused 
on individual NES units, lacking investigations into multi-stage NES systems. Furthermore, in the analysis process, the main 
system is often simplified into a linear system, which deviates significantly from actual scenarios. Due to these gaps in exist-
ing research, this paper establishes a dynamic model of a parallel combined damping NES for piecewise linear systems. Ini-
tially, the harmonic balance method is employed to solve the system’s amplitude-frequency response, validated for accuracy 
using the Runge-Kutta numerical method. Subsequently, an analysis is conducted on the vibration reduction performance 
of the parallel combined damping NES and the influence of parameters on the main system’s vibration suppression effects. 
Finally, variations in the maximum response amplitude of the main system under different stiffness conditions with varying 
damping are analyzed, determining optimal parameter values for the parallel combined damping NES based on trend analy-
sis. The structure of this paper is as follows: The second section analyzes the accuracy of the harmonic balance method, the 
third section examines the influence of NES parameters on system vibration reduction, the fourth section investigates the 
optimal parameter values for NES, and the final section summarizes the main research findings of this paper.

2. Dynamic Model and Equation Establishment
This paper establishes the mechanical model of a system containing a parallel combined damping NES, as shown in 

Figure 1. The model consists of two parts: the main system composed of a mass block m1, linear damping c1, linear stiffness 
spring k1, and segmented stiffness k2. The additional parallel nonlinear energy well consists of smaller masses m2 

and m3, 
linear damping c2 

and c4, cubic stiffness k3 
and k4 

and geometric nonlinear damping c3 
and c5 

[23-24]. F(t) represents the ex-
ternal excitation acting on the system, x1 denotes the displacement of the main system, and x2 

and x3 denote the displacements 
of the nonlinear energy sink. For ease of description, the parallel combined damping nonlinear energy sink studied in this 
paper will be referred to as LG-NES.

Figure 1. Mechanical Model of Segmented Linear Main System with Parallel LG-NES

The corresponding dynamic equations based on Newton’s second law are established as follows:
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The form of 1( )g x  in equation (1) is as follows.
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Here, 2k represents the segmented linear stiffness, and L  denotes the stiffness gap.

Due to the challenging nature of calculating the segmented restoring force 1( )g x  acting on the main system, it is ap-

proximated using a continuous function 1( )H x . The specific form is as follows:

 5 3
1 2 1 2 1 2 1( ) 38000 300 0.01= − + −H x k x k x k x  (3)
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The plot comparing 1( )H x  and 1( )g x  is shown in the figure below. Observing Figure 2, it is evident that the higher-or-

der function demonstrates better fitting results.
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Figure 2. Comparison Between Piecewise Function and Fitted Function

The following variables are introduced to equations (1) and (3):
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Equation (1) can be transformed into:
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To analyze the vibration suppression effects of the parallel LG-NES on the piecewise linear system, this study employs 
amplitude-frequency response curves to investigate the influence of LG-NES parameters on the system’s response. Accord-
ing to the research by Sui et al. [25], the harmonic balance method exhibits higher accuracy in solving amplitude-frequency 
response. Therefore, we adopt the harmonic balance method to solve the vibration response of equation (5). Let the solution 
form of the equation system (5) be:

 
1 11 11

2 12 12
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Among them, 1ia and 1 ( 1, 2,3)=ib i  are the harmonic coefficients to be determined.

Substituting equation (6) into equation (5), neglecting higher-order harmonic terms, and balancing the coefficients of 
the cos( )γτ  and sin( )γτ  components, we can derive the relationship between the harmonic coefficients and the excitation 

frequency as follows:
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The response amplitudes of the main system and LG-NES can be expressed as:
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Using the Matlab software to solve the nonlinear equation system (7) and substituting the results into equation (8) will 
provide the outcomes obtained using the harmonic balance method. Simultaneously, applying the Runge-Kutta method to 
solve equation (1) allows for numerical validation of the accuracy of the solutions derived from the harmonic balance meth-
od. The system parameters [26] are selected as shown in the table below.

Table 1. System Parameters

Parameter Value Unit
1m 3 Kg
2m 0.15 Kg
3m 0.15 Kg
1c 5 Ns/m
2c 5 Ns/m
3c 5 Ns/m
4c 5 Ns/m
5c 5 Ns/m
1k 1×104 N/m
2k 500 N/m
3k 1×104 N/m
4k 1×104 N/m

F 20 N
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Based on the parameters in Table 1, plot the amplitude-frequency response curves for the piecewise linear main system 
and LG-NES as shown in Figure 3.
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Figure 3. Comparison between Analytical and Numerical Solutions of Amplitude-Frequency Response

As both LG-NES parameters share the same values and are connected in parallel, Figure 3 displays the amplitude-fre-
quency response curve for only one of the LG-NES units. From Figure 3, it is evident that there is good agreement between 
the numerical and analytical solutions, confirming the accuracy of the harmonic balance method in solving the system.

3. Vibration Reduction Performance Analysis
Next, we will analyze the effects of LG-NES mass, stiffness, and damping on the vibration suppression of the main 

system. As the nonlinear energy sinks in this study are connected in parallel and have the same initial parameter values, both 
nonlinear energy sinks contribute equally to the vibration reduction effect on the main system. Therefore, in the subsequent 
analysis of parameter effects, we maintain consistent changes in the parameters of the two LG-NES units.

3.1 Influence of LG-NES Mass
This subsection analyzes the impact of LG-NES mass on the amplitude-frequency response of the main system. The 

parameters remain consistent with those in Table 1. We will plot the amplitude-frequency response for different LG-NES 
masses under various external excitations F  and the coupled amplitude-frequency response of a single LG-NES, where the 
mass of a single LG-NES is 0.3 kg, as shown in Figure 4.
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Figure 4. Amplitude-Frequency Response Curves of the Main System for Different Masses and Excitation Amplitudes

The SLG-NES in the figure represents a single connected LG-NES. As seen in Figure 4, when the additional LG-NES masses 
are equal, the resonance amplitude of the parallel LG-NES is lower than that of the single connected LG-NES. This demonstrates 
that the parallel connection effectively reduces the resonance amplitude of the main system. Moreover, it’s observed that the reso-
nance amplitude of the main system decreases with increasing additional mass. This indicates that increasing the additional mass 
of the NES can enhance the vibration reduction performance of the LG-NES on the main system.

To further analyze the impact of LG-NES mass on the vibration suppression of the main system, plotting the trend of 
the maximum amplitude A  at resonance against the LG-NES mass is presented in the following figure, where ‘PLG-NES’ 
signifies the parallel connected LG-NES.
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Figure 5. Variation of Maximum Amplitude with LG-NES Mass

From Figure 5, it is observed that after the LG-NES mass reaches 0.024, the maximum amplitude corresponding to 
the parallel connection is lower than that of the single connected LG-NES. In other words, the parallel connection performs 
better in vibration reduction than connecting a single NES for most masses. Additionally, it’s noticed that after reaching a 
certain additional mass, the trend of the maximum amplitude tends toward a straight line. At this point, the increase in mass 
has minimal impact on the vibration reduction effect.

Therefore, considering that the additional NES mass should not be too high to avoid increasing the burden on the main 
system, 2 3 0.15Kg= =m m is chosen, a mass ratio of 0.1 for the subsequent analysis.

3.2 Influence of LG-NES Stiffness
Next, the effect of LG-NES stiffness on the amplitude-frequency response of the piecewise linear main system is ana-

lyzed. Based on the conclusion from 3.1, choosing 2 3 0.15Kgm m= = , while keeping the other parameters consistent with
Table 1, amplitude-frequency response curves for different k

NES values are plotted for both parallel and single connections,
as shown in Figure 6. SLG-NES in the figure represents a single connected LG-NES, while PLG-NES denotes the parallel 
connected LG-NES.
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Figure 6. Comparison of Vibration Reduction Performance between Parallel LG-NES  
and Single Connected LG-NES under Different k

NES Values

From Figure 6, it’s evident that at the same stiffness, the parallel connection effectively reduces the resonance amplitude 
of the piecewise linear main system. Additionally, it is observed that as the LG-NES stiffness increases, the LG-NES exhibits 
a better vibration suppression effect on the main system.

To more precisely illustrate the trend of vibration reduction performance of the parallel LG-NES concerning k
NES 

varia-
tions, Figure 7 and Figure 8 respectively present the amplitude-frequency response curves and the time response of the main 
system at resonance frequency with changes in the stiffness of the nonlinear energy sink for the parallel connection.

40 50 60 70 80
0

0.01

0.02

0.03

0.04

x
1

q

k
3

= k
4

=1×10 2

k
3

= k
4

=1×10 4

k
3

= k
4

=1×10 5

k
3

= k
4

=1×10 6

k
3

= k
4

=2×10 6

56.4 57.1 57.8

0.027

0.0285

Figure 7. Variation of Main System’s Amplitude-Frequency Response with k
NES



Architecture Engineering and Science 208 | Xingke Qi, et al.

From Figure 7, it can be observed that within a certain range of stiffness coefficients of the nonlinear energy sink, the 
peak of the main system’s amplitude-frequency response curve decreases as the stiffness coefficient increases. This indicates 
an improvement in the vibration suppression effect of the LG-NES. As depicted in Figure 8(a) and Figure 8(b), selecting an 
appropriate stiffness enhances the LG-NES’s vibration reduction effect. Moreover, from Figure 8(b), it can be noted that 
when the stiffness is chosen as 1×106 N/m, the main system exhibits strongly modulated responses near the resonance fre-
quency. This modulation significantly adjusts the amplitude of the main system’s response, effectively reducing its vibration 
amplitude. However, when the stiffness coefficient is excessively high, as shown in Figure 8(c), a resonance peak appears at 

54ω =  in the amplitude-frequency response. At this point, the vibration amplitude of the main system is higher than that 
observed with a smaller stiffness, which is unfavorable for the LG-NES in reducing the main system’s vibrations.
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Following the above analysis, when the stiffness of the nonlinear energy sink is excessively high, it causes abnormal 
peaks in the amplitude-frequency response of the main system. To avoid such occurrences, the trend of the maximum ampli-
tude A  concerning the stiffness variation of the nonlinear energy sink is plotted, as shown in the following figure.
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Observing Figure 9, it can be noticed that when the stiffness of the nonlinear energy sink is less than 1.6×106 N/m, the 
maximum amplitude A  decreases with an increase in stiffness. However, when it exceeds 1.6×106 N/m, the maximum am-
plitude A  sharply rises, which is unfavorable for vibration reduction in the main system.

From the above analysis, it is evident that when designing the LG-NES, an appropriately high stiffness should be cho-
sen to reduce the resonance amplitude and bandwidth of the main system, enabling the nonlinear energy sink to exert optimal 
vibration reduction performance.

3.3 Influence of LG-NES Damping
Finally, we analyze the impact of damping on the amplitude-frequency response of the main system. For descriptive 

purposes, define the ratio of the geometric nonlinear damping to linear damping for the two LG-NES as 1β  and 2β , respec-

tively. Using the same parameters as before, amplitude-frequency responses for different damping values under 1 2 1β β= =  
are plotted in Figure 10.
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Figure 10. Variation of Main System’s Amplitude-Frequency Response with Damping

From Figure 10, it is evident that when the damping ratio remains constant, within a specific range of damping values, 
the peak of the main system’s amplitude-frequency response decreases with increasing damping. However, when the damp-
ing value is 15, the peak of the amplitude-frequency response increases instead. This indicates the presence of an optimal 
damping value that minimizes the resonance amplitude of the main system.

To determine the appropriate damping coefficient, the following figure illustrates the variation of the maximum ampli-
tude of the main system concerning the damping in 1 2 1β β= = .
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From Figure 11, it is observed that at 1 2 1β β= = , when the damping value is 8 Ns/m, the peak of the amplitude-frequen-

cy response is minimized, indicating the main system achieves optimal vibration reduction.
The analysis regarding the damping coefficient only considered 1 2 1β β= = . To find an appropriate damping ratio, 

comparative graphs illustrating the resonance amplitude of the main system under different damping ratios and the variation 
of the maximum amplitude concerning the damping ratio will be plotted separately.
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From Figure 12, it’s evident that the larger the ratio between geometric nonlinear damping and linear damping, the 
lower the maximum amplitude in the amplitude-frequency response of the main system. This suggests that the vibration 
reduction capability of LG-NES is directly proportional to the damping ratio. In other words, a larger chosen damping ratio 
results in better vibration reduction effects for the main system. In summary, when designing LG-NES, one should opt for a 
larger NES mass, appropriately sized NES stiffness, and a higher damping ratio to ensure the segmented linear main system 
attains optimal vibration reduction effects.

4. Parameter Optimization
As per the findings from the second part, the analysis of LG-NES parameters on the system’s frequency response has 

been conducted, yielding the optimal additional NES mass and optimal damping ratio. Next, by altering the LG-NES damp-
ing, three-dimensional graphs illustrating the changes in frequency response with damping for different stiffness values will 
be plotted, along with a graph depicting the variation in maximum response amplitude. This will aid in identifying the best 
range of values for stiffness and damping.
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The selected parameters are as follows: total mass chosen as 0.3 kg, damping ratio set at 10, and stiffness taken as 
1×104 N/m, 1×105 N/m, 1×106 N/m, and 1×106 N/m respectively. By varying the damping coefficient, a set of graphs will be 
generated illustrating the frequency response of the main system and the trends in maximum response amplitude for different 
stiffness values.
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Figure 13. Three-Dimensional Graph of Frequency Response Changes with Damping for Different Stiffness Values
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Figure 14. Three-Dimensional Graph of Frequency Response Changes with Damping for Different Stiffness Values
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From Figures 13 and 14, it is evident that the optimal range for damping varies with different stiffness values. The 
vibration damping effect of the nonlinear energy sink (NES) on the main system also differs accordingly. When the stiffness 
is 1×104 N/m the optimal damping value is 8 Ns/m, resulting in a maximum response amplitude of 0.026 for the main sys-
tem. As the stiffness increases to 1×105 N/m, the optimal damping value decreases to 7 Ns/m, with the maximum response 
amplitude reaching 0.025. However, when the stiffness is further increased to 1×106 N/m and 1.6×106 N/m, the main system 
exhibits a phenomenon of strongly modulated response. At these stiffness levels, the maximum response amplitude notably 
decreases to 0.012 and 0.011, respectively, with damping values of 3 Ns/m and 5 Ns/m, indicating a significant vibration 
reduction effect. Based on this analysis, the final determined parameter values are as follows: total NES mass of 0.3 Kg, NES 
stiffness of 1.6×106 N/m, NES linear damping of 5 Ns/m, and a damping ratio of 10.

Based on the obtained optimal parameters, a comparison of the frequency response before and after optimization is 
shown in Figure 15 below. From Figure 15, it is evident that after optimization, there is a significant reduction in response 
amplitude, enhancing the vibration damping performance of the LG-NES and providing the main system with improved 
vibration reduction effects.
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Figure 15. Comparison of the main system’s frequency response before and after optimization.

5. Conclusion
This paper introduces parallel LG-NES for segmented linear systems and analyzes its vibration suppression effect 

under harmonic excitation. Firstly, a fitting process was performed on the segmented function. The frequency response of 
the system was then determined using the harmonic balance method and verified using the Runge-Kutta method to confirm 
its accuracy. Secondly, the impact of various LG-NES parameters on the main system’s vibration damping was analyzed, 
and values for mass and damping ratio were established. Subsequently, the change in the main system’s response amplitude 
trend when the damping changes under different stiffness values was investigated, determining the values for stiffness and 
damping, and comparing the optimized vibration reduction effect. The specific conclusions are as follows:

(1) Compared to a single connection, a parallel connection allows the main system to achieve better vibration reduction 
under harmonic excitation. As the additional NES mass increases, the main system’s resonance amplitude continues to de-
crease. However, after reaching a mass of 0.3Kg, the maximum response amplitude change approximates a straight line. At 
this point, increasing the mass does not improve the nonlinear energy trap’s vibration reduction performance.

(2) With an increase in stiffness, the main system’s resonance amplitude consistently decreases. However, when the 
stiffness value becomes excessively large, the main system’s frequency response shows abnormal peaks, which are unfa-
vorable for vibration reduction. As the damping ratio increases, the main system’s resonance amplitude also decreases con-
sistently, albeit to a lesser extent. Therefore, selecting a moderately high damping ratio suffices.

(3) As the damping increases, the maximum response amplitude of the main system initially decreases and then rises. 
Additionally, it was observed that when stiffness changes, the optimal damping value for achieving the best vibration reduc-
tion effect also changes. Through a comparison of trends in the maximum amplitude with damping under different stiffness 
values, it was concluded that when the stiffness is 1.6×106 N/m and the damping is 5Ns/m, the main system achieves optimal 
vibration reduction. Lastly, a comparison of the frequency response before and after optimization was presented.
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